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Weakly Turbulent MHD Waves in Compressible Low-β Plasmas
Benjamin D. G. Chandran
Department of Physics, University of New Hampshire, Durham, New Hampshire 03824, USA
In this Letter, weak turbulence theory is used to investigate interactions among Alfve´n waves and fast and
slow magnetosonic waves in collisionless low-β plasmas. The wave kinetic equations are derived from the
equations of magnetohydrodynamics, and extra terms are then added to model collisionless damping. These
equations are used to provide a quantitative description of a variety of nonlinear processes, including “parallel”
and “perpendicular” energy cascade, energy transfer between wave types, “phase mixing,” and the generation
of back-scattered Alfve´n waves.
PACS numbers: 52.35.Bj,52.35.Ra,95.30.Qd,96.60.Pb,96.60.Rd
Turbulence at length scales smaller than the collisional
mean free path λmfp plays a central role in a wide range of
astrophysical and laboratory plasmas. In general, the analysis
of waves and turbulence at scales < λmfp requires the use of
kinetic theory. However, in some cases fluid models are ap-
proximately valid even at such collisionless scales. For exam-
ple, if β = 8pip/B2 ≪ 1, where p is the pressure and B is the
magnetic field, then magnetohydrodynamics (MHD) provides
an approximately correct description of the fast magnetosonic
wave (“fast wave”) when λ < λmfp and ω ≪ Ωi, where λ is
the wavelength and Ωi is the proton cyclotron frequency. [1]
Similarly, MHD accurately describes both Alfve´n waves and
anisotropic Alfve´n-wave turbulence when ri ≪ λ < λmfp and
ω ≪ Ωi, where ri is the proton gyroradius. [1, 2] MHD is
approximately accurate in these cases because the dynamics
are governed primarily by magnetic forces and inertia, while
the pressure tensor and collisionless damping play only a mi-
nor role. In this Letter, MHD is used to model turbulence at
length scales≫ ri and < λmfp and frequencies≪Ωi in low-β
plasmas. To account for the strong collisionless damping of
slow magnetosonic waves and the weak collisionless damp-
ing of fast waves, [1] extra damping terms are added to the
equations for the wave power spectra. Although this approach
is only an approximation to the full kinetic behavior of the
plasma, the comparative simplicity of MHD makes it possible
to describe the physics within the MHD model in great detail
and thereby gain useful insight into the full problem.
The basic phenomenology of MHD turbulence depends on
whether the turbulence is weak or strong, which in turn de-
pends on the value of ωkτk, where ωk is the linear wave fre-
quency at wave vector k and τk is the time scale on which the
fluctuations at wave vector k evolve due to nonlinearities. If
|ωk|τk ≫ 1, then the turbulence is weak, the fluctuations can
be approximated as a collection of small-amplitude waves,
and the interactions between waves can be analyzed using per-
turbation theory. [3, 4] On the other hand, if |ωk|τk . 1, then
the fluctuations are not wave-like and the turbulence is strong.
In MHD, τk is at least as large as ∼ (kδvk)−1, where δvk is the
rms amplitude of the velocity fluctuation at scale k−1. Thus,
the condition |ωk|τk ≫ 1 is satisfied provided |ωk| ≫ kδvk.
An important point is that the weak and strong turbulence
limits can apply to different components of the turbulence
within a single plasma. [5, 6, 7] For Alfve´n waves, ωk =
±kzvA, where vA = B0/
√
4piρ0 is the Alfve´n speed, ρ0 is the
background density, and B0 =B0zˆ is the background magnetic
field. As a result, Alfve´n-wave turbulence is strong for suffi-
ciently small |kz|/k⊥, where k⊥ = k− kzzˆ. On the other hand,
Alfve´n waves with |kz| & k⊥ and δvk ≪ vA are weakly turbu-
lent. Similarly, fast waves satisfy ωk ≃ ±kvA in low-β plas-
mas, and are thus weakly turbulent provided δvk ≪ vA. This
Letter focuses on weak turbulence, but a method to account
for strong-Alfve´n-wave turbulence is also described.
The equations of ideal MHD are
∂ρ
∂t +∇ · (ρv) = 0, (1)
ρ
(∂v
∂t + v ·∇v
)
=−∇
(
p+
B2
8pi
)
+
B ·∇B
4pi
, (2)
∂B
∂t = ∇× (v×B), (3)
where ρ is the density and v is the velocity. The specific en-
tropy [∝ ln(pρ−γ)] is taken to be a constant (where γ is the
ratio of specific heats). Each fluid quantity is taken to be the
sum of a uniform background value plus a small-amplitude
fluctuation: B = B0zˆ + δB, p = p0 + δp, ρ = ρ0 + δρ, and
v = v0 + δv, with v0 ≪ δv ≪ vA. The (spatial) Fourier trans-
forms of δv and b ≡ δB/√4piρ0 can be written as
vk = va,k eˆa,k + v f ,k ˆk⊥+ vz,kzˆ,
bk = ba,k eˆa,k + b f ,k eˆ f ,k,
where eˆa,k = zˆ× ˆk⊥, ˆk⊥ = k⊥/k⊥, and eˆ f ,k = eˆa,k× k/k. The
Alfve´n-wave amplitudes at wave vector k are
a±k =
1√
2
(va,k∓ ba,k) .
The fast and slow-wave amplitudes, f±k and s±k , are given by
w = M ·u,
where w = ( f+k , f−k ,s+k ,s−k ), u = (hk,v f ,k,vz,k,b f ,k), hk =
csρk/ρ0, cs =
√
γp0/ρ0 is the sound speed, and ρk is the
2Fourier transform of δρ. The matrix M is an infinite series
in powers of ε = cs/vA =
√
γβ/2. To order ε2,
M =
1√
2


εη 1 ε2ηµ −1+ ε2η2/2
−εη 1 ε2ηµ 1− ε2η2/2
1− ε2η2/2 −ε2ηµ 1 εη
−1+ ε2η2/2 −ε2ηµ 1 −εη

 ,
where µ = cosθ, η = sinθ, and θ is the angle between k and zˆ.
The Fourier transforms of equations (1) through (3), expressed
in terms of s±k , a
±
k , and f±k , become
∂s±k
∂t + iω
±
s,ks
±
k = N
±
s,k, (4)
∂a±k
∂t + iω
±
a,ka
±
k = N
±
a,k, (5)
∂ f±k
∂t + iω
±
f ,k f±k = N±f ,k, (6)
where the right-hand sides are the nonlinear terms, ω±a,k =
±kzvA, and, to lowest order in ε, ω±s,k = ±kzcs and ω±f ,k =
±kvA.
The power spectra are defined by the equations
〈s±k (s±k1)⋆〉 = S±k δ(k − k1), 〈a±k (a±k1)⋆〉 = A±k δ(k − k1),
and 〈 f+k ( f+k1)⋆〉 = Fkδ(k − k1), where 〈. . . 〉 denotes an
ensemble average. The quantity A±k (S±k ) is proportional to
the energy per unit volume in k-space of Alfve´n waves (slow
waves) propagating in the ±z direction. The quantity Fk is
proportional to the energy per unit volume in k-space of fast
waves propagating in the k direction. Cylindrical symmetry
about the z axis is assumed, so that S±k = S±(k⊥,kz, t),
A±k = A
±(k⊥,kz, t) and Fk = F(k⊥,kz, t).
In the weak-turbulence limit, the wave kinetic equations
can be obtained from equations (4) through (6) using the stan-
dard techniques of [3, 4]. These equations express ∂S±k /∂t,
∂A±k /∂t, and ∂Fk/∂t as series in powers of ε. As written be-
low, the lowest-order terms in these series are ∝ ε−2, con-
tain S±k , and are associated with the slow-wave density fluc-
tuation, ρk ≃ kzvz,kρ0/ω±s,k, which is a factor ε−1 cscθ larger
than the fast-wave density fluctuation, ρk ≃ k⊥v f ,kρ0/ω±f ,k,
when vz,k = v f ,k. [8] Although proportional to ε−2, these terms
may nevertheless be small, because strong collisionless damp-
ing [1] makes S±k much smaller than A±k and Fk. In this Letter,
the ε−2S±k terms are retained, but the nonlinear terms contain-
ing S±k at higher order in ε are dropped, with the exception of
the δ(qz) term in equation (7), which is retained for reasons
discussed below. Of the terms that do not contain S±k , only the
leading-order terms (∝ ε0) are kept. The wave kinetic equa-
tions then become
∂S±k
∂t =
pi
4vA
Z
d3p d3q δ(k− p− q)
[
δ(qz)4k2⊥m2
(
A+q +A−q
)(
S±p − S±k
)
+ δ(p− q)k2z l2FpF−q + δ(pz− qz)k2z l2A+p A−q
+ δ(pz + q)k2z l
2 (A+p Fq +A−p F−q) + δ(pz− q)k2z l2 (A+p F−q +A−p Fq)
]
− 2γ±s,kS±k , (7)
∂A+k
∂t =
pi
4vA
Z
d3p d3q δ(k− p− q)
{
δ(qz)8(k⊥nm)2A−q
(
A+p −A+k
)
+ δ(kz + pz+ q)kzΛq−pk
(
kzA−p F−q + pzF−qA+k + qA
−
p A+k
)
+ δ(kz + pz− q)kzΛq−pk
(
kzA−p Fq + pzFqA+k − qA−p A+k
)
+ δ(kz− p+ q)kzMpk−q
(
kzFpF−q− pF−qA+k + qFpA+k
)
+ δ(q− kz)pzA+k
[
2(kz + pz)Fq + pzq
∂Fq
∂q
]
+ δ(q+ kz)pzA+k
[
2(kz + pz)F−q + pzq
∂F−q
∂q
]
+ ε−2k2z
(
S+p + S−p
)[
δ(q− kz)m2
(
Fq−A+k
)
+ δ(q+ kz)m2
(
F−q−A+k
)
+ δ(pz)m2
(
A+q −A+k
)
+ δ(kz + qz)m2
(
A−q −A+k
)]
+ δ(qz + kz)4k2z A+k
∂
∂qz
(
qzA−q
)}− 2γ+a,kA+k , (8)
∂Fk
∂t =
pi
4vA
Z
d3p d3q δ(k− p− q)
{
9sin2 θ
[
δ(k− p− q)kqFp
(
Fq−Fk
)
+ δ(k+ p− q)k(kF−pFq + pFqFk− qF−pFk)
]
+ δ(k− pz+ qz)kΛkpq
(
kA+p A−q − pzA−q Fk + qzA+p Fk
)
+ δ(k− pz− q)kMkpq
(
kA+p Fq− pzFqFk− qA+p Fk
)
+ δ(k+ pz− q)kM−k−p−q
(
kA−p Fq + pzFqFk− qA−p Fk
)
+ δ(k− q)k−3 pzFk
[
kz
∂
∂q
(
q4Fq
)− k2qz ∂∂q
(
q2Fq
)]
+ ε−2k2
(
S+p + S−p
)[
δ(k− q)m2 (Fq−Fk) + δ(k− qz)m2
(
A+q −Fk
)
+ δ(k+ qz)m2
(
A−q −Fk
)]
+ δ(k− qz)pzFk
(
2kzA+q + kpz
∂A+q
∂qz
)
+ δ(k+ qz)pzFk
(
2kzA−q − kpz
∂A−q
∂qz
)}
− 2γ f ,kFk, (9)
3where Λkpq =Λ(k, p,q) = k−2(k⊥l+2p⊥m+2q⊥n)2, Mkpq =
M(k, p,q) = k−2[k⊥l + p⊥(cosα− 1)m+ k sinαn]2, α is the
angle between zˆ and q, F−q = F(q⊥,−qz, t), and γ±s,k, γ±a,k, and
γ f ,k are the linear damping rates. The partial derivative ∂Fq/∂q
is taken at constant α, and the partial derivative ∂Aq/∂qz is
taken at constant q⊥. In the triangle with sides of lengths k⊥,
p⊥, and q⊥, the interior angles opposite the sides of length k⊥,
p⊥, and q⊥ are denoted σk, σp, and σq, and l = cosσk, m =
cosσp, n = cosσq, l = sinσk, m = sinσp, and n = sinσq. The
equation for ∂A−k /∂t is obtained by setting A±k → A∓k , Fk →
F−k, S±k → S∓k , and γ+a,k → γ−a,k in equation (8).
The “collision integrals” on the right-hand sides of
equations (7) through (9) represent the effects of resonant
three-wave interactions and sum over all wavenumber
triads involving k that satisfy the resonance conditions
k = p + q and ωk = ωp +ωq, where ωk is the frequency at
wavenumber k. When A+k = 0 at some wave vector k1, the
only non-vanishing terms in ∂A+k /∂t are non-negative at k1.
Analogous statements hold for A−k , S
±
k and Fk. Equations (7)
through (9) thus ensure that the spectra remain non-negative.
When the linear damping terms are dropped, equations (7)
through (9) conserve the energy per unit mass R d3k (A+k +
A−k + 2Fk + S
+
k + S
−
k )/2 and the pseudo-momentumR
d3k
[
A+k −A−k + 2cosθFk + ε−1(S+k − S−k )
]
/(2vA). When
the equation for ∂〈vz〉/∂t is taken into account, it can be
shown that resonant three-wave interactions also conserve the
cross helicity 〈v ·B〉 and momentum 〈ρvz〉.
At kz = 0, the only nonzero term in the collision integral in
equation (8) is the term proportional to δ(qz). This term rep-
resents interactions between three Alfve´n waves (“AAA in-
teractions”), which transfer Alfve´n-wave energy at all kz to
larger k⊥ but not towards larger |kz|. [9, 10, 11, 12, 13, 14] In
AAA interactions, each Alfve´n wave type (a+ or a−) is cas-
caded by the other Alfve´n wave type. Thus, if A∓(k⊥,0) = 0
[where A∓(k⊥,0) denotes A∓k evaluated at kz = 0], then the
AAA term in ∂A±k /∂t vanishes. A Zakharov transformation
can be used to show that A±(k⊥,0) ∝ k−n
±
⊥ is a steady-state
solution to equation (8) for kz = 0 in the absence of dissipa-
tion, provided n++n−= 6, as in the incompressible case. [12]
When dissipation is included, these power laws become ap-
proximate solutions for A±(k⊥,0) within the inertial range. If
A+(k⊥,0)≃ A−(k⊥,0) at the (perpendicular) dissipation scale
(“pinning” [13, 15]) and A+(k⊥,0)> A−(k⊥,0) in the inertial
range, then n+ > 3 > n− for the inertial-range spectra. The
Alfve´n-wave spectra at kz = 0 are not affected by the value of
A±k at nonzero kz or by the slow-wave or fast-wave spectra.
At kz = 0, the only nonzero term on the right-hand side of
equation (7) is the term ∝ δ(qz), which represents the mix-
ing of slow waves by Alfve´n waves, which transfers slow-
wave energy to larger k⊥ but not to larger |kz|. This term
is identical to the expression describing the mixing of a pas-
sive scalar by weak Alfve´n-wave turbulence, with S±k replac-
ing the passive-scalar spectrum. In the “imbalanced” case
in which A+(k⊥,0) ≫ A−(k⊥,0) within the inertial range,
the quantity
(
A+q +A−q
)
in this “passive-scalar mixing term”
can be approximated as simply A+q . If A+(k⊥,0) ∝ k−n
+
⊥ ,
a Zakharov transformation can then be used to show that
S±(k⊥,0) ∝ k−6+n
+
⊥ is a steady-state solution to equation (7)
at kz = 0 in the absence of dissipation. Thus, the slow-wave
spectrum at kz = 0 (and hence also the spectrum of a pas-
sive scalar) mimics the spectrum of the minority Alfve´n-wave
type, A−(k⊥,0). Although all other terms in the wave kinetic
equations containing S±k at orders higher than ε−2 have been
discarded, the δ(qz)S±k term in equation (7) has been retained
because it can dominate as kz → 0, since the other nonlin-
ear terms and the linear (Landau) damping term vanish in this
limit. [Because strong collisionless damping keeps S±k small
at nonzero kz, the cascade of slow-wave energy to larger |kz|
arising from interactions among slow waves is neglected in
equation (7).]
The term ∝ ε−2δ(pz) in equation (8) represents “phase-
mixing.” Slow-wave density fluctuations at kz = 0 cause the
Alfve´n speed to vary in the directions perpendicular to B0. As
a result, Alfve´n-wave phase fronts travel at different speeds
on different field lines, transferring Alfve´n-wave energy to
larger k⊥. [16] (Density fluctuations at kz = 0 associated
with passive-scalar entropy waves would have the same ef-
fect.) Phase mixing and AAA interactions both cause a
perpendicular cascade of Alfve´n-wave energy. The relative
strength of these two processes varies with θ. For example,
if ε−2S±(k⊥,0) ≃ A+(k⊥,0) ≃ A−(k⊥,0), then phase mixing
dominates the perpendicular cascade when |kz| ≫ k⊥ while
AAA interactions dominate when k⊥≫ |kz|.
In equation (9), the terms proportional to 9sin2 θ represent
interactions between three fast waves (“FFF interactions”).
The FFF terms are the same as the collision integral for weak
acoustic turbulence [4], up to an overall multiplicative factor
proportional to sin2 θ. As sin θ → 0, the acoustic-like FFF
interactions weaken because the fast waves become less com-
pressive. [17] Energy is transferred from small k to large k by
FFF interactions. [6, 17] The resonance conditions for FFF in-
teractions require that p and q be parallel or anti-parallel to k,
indicating that FFF interactions transfer energy along radial
lines in k-space. [6, 17] The terms containing Λkpq in equa-
tions (8) and (9) represent interactions between two Alfve´n
waves and one fast wave (“AAF interactions”). The terms
containing Mkpq in equations (8) and (9) represent interactions
between one Alfve´n wave and two fast waves (“AFF interac-
tions”). When k⊥≪|kz|, AFF interactions cause A±(k⊥,kz) to
become approximately equal to F(k⊥,±|kz|). [17]. The com-
bination of FFF and AFF interactions results in a “parallel cas-
cade,” i.e., a transfer of Alfve´n-wave and fast-wave energy to
larger |kz|. [17]
The ε−2S±p terms in equation (9) represent the “resonant
scattering” of fast waves into either new fast waves or Alfve´n
waves of equal frequency but different wavenumber. [8] The
ε−2δ(k− q) term in equation (9) acts to isotropize Fk. The
ε−2S±P terms in equation (8) other than the “phase mixing”
term are also denoted “resonant scattering” terms, and repre-
sent the conversion of an Alfve´n wave into a new Alfve´n wave
or fast wave of equal frequency. If S±k & A
±
k and S
±
k & F
±
k ,
4then resonant scattering and phase mixing are the most rapid
nonlinear processes in the β→ 0 limit. [8] On the other hand,
in collisionless systems, Landau damping can reduce S±k suf-
ficiently that resonant-scattering is weak. (Phase mixing in-
volves S±k at kz = 0 where Landau damping vanishes and thus
can be very efficient even in collisionless systems.)
The “resonant-scattering” term in equation (8) ∝ ε−2δ(kz +
qz)(S+p + S−p ) represents the interaction of a slow wave with
an Alfve´n wave travelling in one direction along the mag-
netic field to produce an Alfve´n wave travelling in the op-
posite direction. This generation of “back-scattered” Alfve´n
waves does not produce waves at kz = 0 and thus does not
contribute to AAA interactions or the associated perpendicu-
lar cascade of Alfve´n-wave energy. Although the (hypothet-
ical) conversion of A− energy into A+ energy would violate
cross-helicity conservation in incompressible MHD, the gen-
eration of back-scattered Alfve´n waves in compressible MHD
does conserve cross helicity when one takes into account the
associated change in the average flow velocity 〈vz〉.
The δ(k− q) term in equation (9) that does not contain S±p
represents the generation of slow waves by fast waves. If
the wave fields are viewed as the sum of wave quanta, each
of energy ~|ωk| and momentum ~k, then this δ(k− q) term
represents the process f → f + s, i.e., a fast-wave decay-
ing into a slow wave and a new fast-wave. This δ(k− q)
term conserves the total number of fast-wave quanta N f =R
d3k [Fk/(~|ω±f ,k|)], but decreases the fast-wave energy E f =R
d3k Fk, and thus causes an inverse cascade of fast-wave
quanta to smaller frequency, i.e., a decrease in the average
fast-wave frequency ω f ≡ E f /~N f . The energy drained from
fast waves is transferred to slow waves [through the δ(p− q)
term in equation (7)], which are then rapidly damped.
The term (pi/4vA)
R
d3pd3qδ(k − p − q)δ(qz +
kz)4k2z A+k (∂/∂qz)(qzA−q ) in equation (8) is denoted I+k ,
and the corresponding term in the equation for ∂A−k /∂t
is denoted I−k . These terms represent the generation
of slow waves by the interaction of oppositely di-
rected Alfve´n waves, i.e. a± → a∓ + s. Upon defining
E±k =
R
dkxdkyA±k and Qk = pik2z E+k E−k /vA, one can show that
Hk ≡
R
dkxdky(I+k + I
−
k ) = −Qk +(d/dkz)(kzQk), where the
(d/dkz)(kzQk) term represents a flux of Alfve´n-wave energy
to smaller |kz| (inverse cascade). The energy drained from
Alfve´n waves via the −Qk term in Hk is transferred to slow
waves through the δ(pz−qz) term in equation (7), which then
undergo rapid ion Landau damping. [18] This mechanism
for transferring Alfve´n-wave energy to the ions is weak for
“quasi-2D” fluctuations with |kz| ≪ k⊥ because of the factor
of k2z in I±k . There are additional terms containing S
±
k in the
equation for ∂A±k /∂t that result in the transfer of Alfve´n-wave
energy to larger |kz| [19], but these terms are higher order
than ε−2 and are neglected in this Letter since collisionless
damping keeps S±k small at nonzero kz.
Equation (8) can be modified to allow for the possibility of
strong Alfve´n-wave turbulence at small |kz| by replacing the
AAA term [∝ δ(qz)] in equation (8) with the advection and
diffusion terms on the right-hand side of Eq. (15) of [20] mul-
tiplied by a factor of 2 to convert to the normalization of A±k
used in this Letter. Similar generalizations are possible for the
“phase-mixing” and “passive-scalar mixing” terms.
The interplay between the various nonlinear processes de-
scribed in this Letter depends upon the value of β as well as
the amplitudes and anisotropies of the different wave types at
the forcing scale or “outer scale.” For example, greater excita-
tion of Alfve´n waves with |kz| & k⊥ and fast-waves strength-
ens the parallel cascade. (Alfve´n waves at k⊥ ≫ |kz| cause
only a weak secondary excitation of the fast waves and Alfve´n
waves with |kz| > k⊥ that participate in the parallel cascade.)
On the other hand, the perpendicular cascade is strengthened
by increasing the excitation at kz = 0 of S±k , entropy waves,
and both A+k and A
−
k . A stronger perpendicular cascade then
weakens the parallel cascade by draining energy out of the
“quasi-parallel” region of k-space in which |kz|> k⊥, reducing
the amount of wave energy that reaches very large |kz|. [17]
Numerical solutions to equations (7) through (9) will be useful
for describing turbulence in settings such as the solar corona,
solar flares, and Earth’s magnetosphere.
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